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1. Introduction

Spectroscopy with heavy quark is one of the major topics in high energy physics. Theoreti-
cally, since theb quark is very heavy (∼ 4.6 GeV), most theoretical approaches regard theb quark
as a static, non-relativistic particle, or treat it with heavy quark effectivetheory or the relativistic
heavy quark formalism. In other words, the heavyb quark is not treated as the Dirac fermion.
This introduces complicated normalization procedures, in which the systematic errors are difficult
to control.

In QCD, all quarks are excitations of Dirac fermion fields, thus it is vital to preserve this
important feature in any theoretical study. However, so far it remains a challenge for a single
lattice to accommodate such a wide range of quark masses frommu/d quark tomb. If we restrcit
our study to the hadrons containing onlys, c, andb valence quarks (ranging from 140 MeV to 4.6
GeV) satisfying the constraintsmqa < 1 andMhL > 4, then it is possible to accommodate these
hadrons on a 323×60 lattice, with the inverse of lattice spacinga−1 ≃ 7.68 GeV.

In this proceeding, we report the first study of heavy meson spectra [1], by treating all heavy
and light quarks as Dirac fermions, in lattice QCD with exact chiral symmetry. Namely, we restrict
ourselves to mesons with quark contentsbb̄, cb̄, sb̄, andcc̄. Our results of masses and decay
constants of the pseudoscalar mesonsBs andBc, and the masses of the vector mesonsB∗

s andB∗
c ,

have been presented in [2].

We adopt the optimal domain-wall fermion (ODWF) proposed by Chiu [3, 4] as our fermion
scheme, which possesses optimal chiral symmetry for any finiteNs (the number of sites in the 5-th
dimension), and also preserves the salient features of the Dirac fermion inthe continuum. With 100
gauge configurations generated with the single plaquette action atβ = 7.2, we compute the point-
to-point quark propagators for 33 quark masses in the range 0.01≤ mqa ≤ 0.85. We set the fifth
dimension of ODWF,Ns, to 128, and the stopping criteria of the conjugate gradient (CG) iterations
to 10−11, such that the chiral symmetry breakingσ and the residual of the quark propagatorsε
satisfy

σ = |Y †S2Y |/|Y †Y | < 10−14, ε = ‖(Dc +mq)Y −1I‖ < 2×10−11

whereS is the optimal rational approximation of the sign function ofγ5Dw, Dw is the Wilson Dirac
operator plus a negative parameter−m0. Here(Dc +mq)

−1 is the valence quark propagator, andY
is the solution vector of solving the quark propagators via the CG algorithm. Note that our massive
Dirac operator is exponentially local for all the quark masses. In Fig. 1, we plot the magnitude of the
4-D effective Dirac operator of ODWF,Deff(x;0) (i.e., the overlap-Dirac operator with Zolotarev
approximation of the sign function) [4] along the t-axis, for one gauge configuration. Evidently, it
is exponentially-local. Furthermore, we have checked that for any element of Daα;bβ

eff (x;0) (where
a,b = 1,2,3 andα ,β = 1,2,3,4), its magnitude is also exponentially-local along any direction, for
all gauge configurations and all 33 quark masses.

Next, we measure the time-correlation function

CΓ(t) =

〈

∑
~x

tr{Γ(Dc +mQ)−1
x,0Γ(Dc +mq)

−1
0,x}

〉

(1.1)
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Figure 1: (a) The magnitude of the an element ofDeff(
~0, t;~0,0) (with color index =2, and Dirac index = 1)

from the origin to any point alongt-axis, for one configuration, atmqa = mba = 0.68. (b) Similar to (a), but
averaging over all elements with different color and Dirac indices.

for scalar (S), pseudoscalar (P), vector (V ), axial-vector (A), and tensor (T ) mesons, with Dirac ma-
trix Γ = {1I,γ5,γi,γ5γi,γ5γ4γi} respectively, for both symmetric (mQ = mq) and asymmetric (fixed
mQ with variousmq) quark masses. Finally we extract their masses and pseudoscalar decaycon-
stants, compare our results with the experimental data, and also make some theoretical predictions.

2. Determination of a−1, mc, ms, and mb

In Ref. [5], we determine the inverse lattice spacing from the pion decay constant, with the
experimental inputfπ = 131 MeV. However, in this work, our smallest quark mass turns out to
be too heavy (aboutms/2), thus the chiral extrapolation tomq ≃ 0 does not seem to be feasible.
Instead, we use the mass and decay constant of the pseudoscalar mesonηc(2980) to determine the
bare mass of charm quarkmc anda−1 simultaneously, which can be seen in the following.

We measure the time-corelation function Eq.(1.1) of the pseudoscalar mesonCP(t) (Γ = γ5)
for symmetric quark massmQ = mq, and fit it to the usual formulaG(t), to extract the meson mass
mPa and the decay constantfPa:

G(t) =
z2

2mPa
[e−mPat + e−mPa(T−t) ], fPa = 2mqa

z

m2
Pa2

(2.1)

Thus, we obtain the ratio ofmP/ fP for eachmqa we have computed, which can be compared with
the ratio of mass and decay constant ofηc.

Although only themηc is measured in the high energy experiments, we can obtain the theo-
retical value ofmηc/ fηc = 6.8(2) from our previous study of pseudoscalar mesons on the 203×40
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lattice MS MS PDG
mq bare mass (atµ = 2 GeV) (atµ = mq) average

mb 5.22(4) GeV 4.81(5) GeV 4.65(5) GeV 4.20(7) GeV
mc 1.23(4) GeV 1.13(4) GeV 1.16(4) GeV 1.25(9) GeV

Table 1: The bare mass (mqa−1) of b andc quarks, and their masses inMS scheme at scalesµ = 2 GeV
andµ = mq, respectively, in comparison with the PDG average in the last column.

lattice atβ = 6.1 [5]. We find that the closest value ofmP/ fP = 6.8(1) occurs atmqa = 0.16,
thus we fixmca = 0.16. Further, using the experimental inputmηc = 2980 MeV, we determine the
inverse of the lattice spacinga−1 = 7680(59) MeV. To check the goodness of our determination,
we measure the time-correlation function of the vector mesonc̄γic, and extract its mass equal to
3091(11) MeV, which is in good agreement withJ/Ψ(3097).

Next, we determine the bare masses of strange and bottom quark,msa andmba, by extracting
the mass of vector meson from the time-correlation functionCV (t) for variousmqa we have com-
puted. Atmqa = 0.02, we obtainmV = 1027(38) MeV, in good agreement withφ(1020); while at
mqa = 0.68, we obtainmV = 9453(3) MeV, in good agreement withΓ(9460). Thus we determine
msa = 0.02 andmba = 0.68, respectively.

Note that although the spatial size of our lattice (L ≃ 0.8 fm) seems to be small, the finite size
effects should be well under control since our pseudoscalar meson masses satisfiesmPL > 4 even
for our smallest bare quark massmqa = 0.01.

In order to compare our results ofmb andmc with the high energy phenomenology, we have to
obtain the lattice renormalization constantsZm = Z−1

s and transcribe them to the usualMS scheme,
whereZs is the renormalization constant forψψ̄. In general, the renormalization constants should
be determined nonperturbatively. However, in this work, the lattice spacingis rather small (a ≃

0.026 fm), we suspect that the one-loop perturbation formula [6]

Zs(µ) = 1+
g2

4π2 [ln(a2µ2)+0.17154], (m0 = 1.30) (2.2)

already provides a very good approximation forZs. At β = 7.2, a−1 = 7.680(59) GeV, our results
for mMS

b andmMS
c at scalesµ = 2 GeV and their masses (µ = mq) are listed in Table 1. Comparing

with the PDG [7] average, our result ofmMS
b (mb) turns out to be a little higher, butmMS

c (mc) is in
good agreement with the PDG average.

3. Charmonium cc̄ and Bottomonium bb̄

First of all, we check to what extent we can reproduce the charmonium mass spectra which
have been measured precisely by high energy experiments. Our results of the mass spectra of the
lowest-lying states of charmonium are summarized in Table 2. The first column isthe gamma
matrix we use to compute the meson time-correlation function (Eq.(1.1). The second and the third
columns are theJPC of the state and the conventional spectrascopic notation. The fourth column
is the time range for fitting the time-correlation function to the formula in Eq.(2.1). The χ2/dof
is listed in the fifth column, and the extracted meson mass is listed in the sixth column, where the
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Γ JPC n2S+1LJ [tmin, tmax] χ2/dof Mass(MeV) PDG

1I 0++ 13P0 [19,42] 0.32 3413(14)(9) χc0(3415)
γ5 0−+ 11S0 [22,38] 1.02 2980(10)(12) ηc(2980)
γi 1−− 13S1 [19,38] 1.18 3091(11)(14) J/ψ(3097)
γ5γi 1++ 13P1 [18,42] 0.51 3516(13)(8) χc1(3510)
γ5γ4γi 1+− 11P1 [19,43] 0.41 3526(13)(9) hc(3524)

Table 2: The mass spectra of the lowest-lying (n = 1) charmoniumc̄Γc states obtained in this work, in
comparison with the PDG values in the last column.

Γ JPC n2S+1LJ [tmin, tmax] χ2/dof Mass(MeV) PDG

1I 0++ 13P0 [21,39] 0.21 9863(15)(8) χb0(9859)
γ5 0−+ 11S0 [27,35] 0.72 9383(4)(2) ηb(9300) ?
γi 1−− 13S1 [20,39] 1.19 9453(3)(2) ϒ(9460)
γ5γi 1++ 13P1 [22,38] 0.13 9896(20)(8) χb1(9893)
γ5γ4γi 1+− 11P1 [22,38] 0.10 9916(22)(8)

Table 3: The mass spectra of the lowest-lying (n = 1) bottomoniumb̄Γb states obtained in this work. The
last column is the experimental state we have identified, andits PDG mass value.

first error is the statistical error, and the second error is the estimated systematic error based on all
fittings satisfyingχ2/dof< 1.3 and|tmax− tmin| ≥ 6, with tmin ≥ 10 andtmax≤ 50. The last column
is the corresponding state in high energy experiments, with the PDG mass value. Evidently, our
results are in good agreement with the PDG values. Note that our result of the hyperfine splitting
(13S1−11S0) is 111(14)(18) MeV, comparing with the PDG value 118 MeV.

For the pseudoscalarηc, we also obtain its decay constantfηc together with its mass through
Eq.(2.1). Our result isfηc = 438±5±6 MeV, where the first error is the statistical error, and the
second error is the estimated systematic error, as described previously.

Next, we turn to the bottomonium (bb̄) states. Our results of the mass spectra of its lowest-
lying states are summarized in Table 3. For the pseudoscalarηb, it was first reported by ALEPH
Collaboration [8], but it has not been confirmed by other HEP experimental groups. Our theoretical
values turns to be a little deviate from their experimental result. In addition, we also determined its
decay constantfηb = 801±7±5 MeV.

Finally, we note that the tensor mesonhb has not been observed in high energy experiments,
thus our result of its mass serves as the first prediction from lattice QCD with exact chiral symmetry.

4. Mesons with quark contents sb̄ and cb̄

The unitarity of CKM matrix is one of the crucial tests for the Standard Model. Inorder to
extract the CKM matrix elements, the decay constants of heavy-light pseudoscalar mesons (e.g.,
fB, fBs , fD, and fDs) have to be determined precisely. In Ref. [5], we have presented our theoretical
results offD and fDs from lattice QCD with exact symmetry, which are in good agreement with the
recent experimental results [9] from CLEO Collaboration.

5



P
o
S
(
L
A
T
T
I
C
E
 
2
0
0
7
)
1
0
5

Dirac b quark on the lattice Tung-Han Hsieh

Γ JP n2S+1LJ [tmin, tmax] χ2/dof Mass(MeV) PDG

1I 0+ 13P0 [20,40] 0.38 5852(15)(12) B∗
sJ(5850)

γ5 0− 11S0 [26,32] 0.56 5385(27)(17) Bs(5368)
γi 1− 13S1 [25,33] 0.50 5424(28)(19) B∗

s (5412)
γ5γi 1+ 13P1 [18,42] 0.68 5884(16)(13)
γ5γ4γi 1+ 11P1 [18,38] 0.62 5897(16)(12)

Table 4: The mass spectra of the lowest-lyinḡbΓs meson states obtained in this work. The last column is
the experimental state we have identified, and its PDG mass value.

Γ JP n2S+1LJ [tmin, tmax] χ2/dof Mass(MeV) PDG

1I 0+ 13P0 [19,41] 0.26 6732(13)(9)
γ5 0− 11S0 [19,38] 1.14 6278(6)(4) Bc(6286)
γi 1− 13S1 [19,38] 1.31 6315(6)(5)
γ5γi 1+ 13P1 [19,41] 0.27 6778(12)(7)
γ5γ4γi 1+ 11P1 [18,42] 0.45 6796(10)(7)

Table 5: The mass spectra of the lowest-lyinḡbΓc meson states obtained in this work. The last column is
the experimental state we have identified, and its PDG mass value.

In this work, we extract the masses and the decay constants of pseudoscalar mesons withsb̄
andcb̄, via fitting their time-correlation functionsCP(t) to the formula

F(t) =
z2

2mPa
[e−mPat + e−mPa(T−t) ], fPa = (mq +mQ)a

z

m2
Pa2

(4.1)

Our results forBs aremBs = 5385(27)(17) MeV, and fBs = 253(8)(7) MeV. The former is in good
agreement with the PDG value (5368 MeV). The later has not been measured in HEP experiments
yet, thus our result serves as the first prediciton from lattice QCD with exact chiral symmetry.

In Table 4, we present our results of the mass spectra of the lowest-lying states of beauty
mesons with quark contentsb̄. Here we have identified the scalarb̄s meson with the stateB∗

sJ(5850)
observed in HEP experiments, due to the proximity of their masses. Theoretically, this implies that
B∗

sJ(5850) possessesJP = 0+, which can be verified by HEP experiments in the future. Further,
our results of the masses of the axial-vector and tensor mesons, which have not been observed
experimentally, serves a prediction from lattice QCD.

For the pseudoscalar mesonBc, we obtainmBc = 6278(6)(4) MeV, and fBc = 489(4)(3) MeV.
Our result ofmBc is in good agreement with the experimental value 6286(5) MeV measured by CDF
Collaboration [10], butfBc has not been determined in HEP experiments. In principle,fBc can be
measured from the leptonic decayB+

c → l+vl, since its decay width is proportional tof 2
Bc
|Vcb|

2.

In Table 5, we summarize our results of the mass spectra of the lowest-lying states of mesons
with beauty and charm. Except for the pseudoscalarBc, other states have not been observed in
experiments. It will be interesting to see to what extent the experimental results would agree with
our theoretical values.
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Q̄Γq [tmin, tmax] χ2/dof Mass(MeV) fP(MeV) PDG

b̄γ5b [27,35] 0.72 9383(4)(2) 801(7)(5) ηb(9300)
b̄γ5c [19,38] 1.14 6278(6)(4) 489(4)(3) Bc(6287)
b̄γ5s [26,32] 0.56 5385(27)(17) 253(8)(7)Bs(5368)
c̄γ5c [22,38] 1.02 2980(10)(12) 438(5)(6)ηc(2980)

Table 6: The decay constants of pseudoscalar mesons obtained in thiswork, together with their masses.
They are identified with the corresponding PDG mesons listedin the last column.

5. Concluding remarks

We have performed the first study of treatingb, c ands quarks as Dirac fermions in lattice QCD
with exact chiral symmetry. The lowest-lying mass spectra of mesons with quark contentsbb̄, cc̄,
sb̄, andcb̄ are determined, together with the pseudoscalar decay constants (which is summarized in
Table 6). Furthermore, theb andc quark masses are determined (see Table 1). Our results suggest
that lattice QCD with exact chiral symmetry is a viable approach to study heavy quark physics
from the first principles of QCD.

For systems withu / d quarks, one may use several quark masses in the rangemu/d < mq < ms

to perform the chiral extrapolation. With a coarser and larger lattice, say,423×64 atβ = 7.0, it
is possible to accomodate a wider range of quark massesms/4 < mq < mb. This study is now in
progress.
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